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Abstract. We study the minimal dimension of solvable and nilpotent Lie algebras over a 
field of characteristic zero with given derived length k. This is motivated by questions on 
O 1 nildecomposable Lie algebras q = a + b, arising in the context of post-Lie algebra structures. 

The question is, how the derived length of g can be estimated in terms of the derived length 
l—\ • and nilpotency classes of the two nilpotent subalgebras o and b. 

m 

1. Introduction 

What is the minimal dimension of a finite-dimenisonal nilpotent Lie algebra over a field of 
^ ' characteristic zero with given derived length k ? This question has been studied by various 
authors. In general, there exist only lower and upper bounds for this dimension. We review 
the known results and provide a new lower bound for the case k = 4 by constructing a rational 
nilpotent Lie algebra of dimension 14 with derived length k — 4. The corresponding question 
for finite p-groups has a long history, going back to work of Burnside in 1913. Our motivation to 
study this minimal dimension comes from open questions about nildecomposable Lie algebras. 
A finite dimensional Lie algebra is called nildecomposable, if it is the sum of two nilpotent 
subalgebras. Although it is very interesting to consider also infinite-dimensional Lie algebras, 
we assume here all Lie algebras to be finite-dimensional. We write g = a + b. The sum is 
understood as a vector space sum and need not be direct. It is a well known result that a 
. nildecomposable Lie algebra over a field of characteristic zero is solvable. This was first proved 
by Goto in [17]. It is easy to see that we may assume that the field is algebraically closed. In 
characteristic p the situation is as usual more complicated. A nildecomposable Lie algebra is 
solvable over a field of characteristic p with p > 5, see [23] and the references therein. There is 
a counterexample in characteristic 2, see [2T]. Historically the question was first asked about 
nildecomposable groups G = AB. There are numerous results for such groups. We will give a 
short survey in section 6. 

Decompositions of the form g = a+b for Lie algebras arise also in geometry. We have recently 
obtained some results on the existence of so called post-Lie algebra structures on pairs of Lie 
algebras (g, n), see [8], [10], [11] for details and the geometric background. One conclusion was, 
that if g is nilpotent, such a structure can only exist, if n is solvable. The proof proceeded to 
show that n must be nildecomposable, hence solvable. 

A very subtle question is about the derived length of a nildecomposable Lie algebra. If g = a+b, 
then it is believed that the derived length d(g) of g is bounded by a linear function in the 
nilpotency classes c(a) and c(b) of o and b. The question is even, if it is possible to find a 
counterexample to the estimate 

d(g) < c(a) + c(b), 
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or not. If a and b are abelian, then the above estimate is true, since then d(g) < 2 by Ito's 
theorem. The investigate the cases d(g) > 3 we need to study the minimal dimension of solvable 
and nilpotent Lie algebras with given derived length k. 

2. Preliminaries 

Let g be a finite-dimensional Lie algebra over an arbitrary field K. The lower central series 
of g is defined by 

0° = g 2 1 2 s 2 2 g 3 5 • ■ • 

where the ideals 0* are recursively defined by 0* = [0, l_1 ] for all z > 1. Thus we have 0° = 0, 
1 = [0)0]) 2 = [0) [0)0]]) an d so on. The derived series of is defined by 

(O) = 3 g (l) ^ (2) 3 fl (3) 3 . . . 

where the ideals 0^ are recursively defined by 0^ = [0 ( - i_1 \ 0^ -1 ^] for all z > 1. We have 
9^ = 0) 0^ — [0)0]) 0^ = [[0> 0]) [0) 0]]) an d so on. A Lie algebra is called nilpotent, if 
fc = for some k. It is called solvable, if gW = for some k. Every nilpotent Lie algebra is 
also solvable, and we have the inclusion 

(fc) c 2 "- 1 for all k > 1. 

Definition 2.1. A Lie algebra of dimension n > 1 is called /c-step nilpotent if fc = 0, but 

&-i _i_ g £ Qr some > 1. In this case we call k the nilpotency class of 0, and denote it by c(g). 
If c(q) — n — 1, then is called filiform nilpotent. 

Denote by f the Lie algebra with basis {ei, . . . , e„}, where the only non-trivial Lie brackets 
are given by [ei,e,;] = — [ej,ei] = ej + i for 2 < i < n — 1. Writing = span{efc, . . . , e n } we 
have f 1 = f 3 , f 2 = f 4 , ... , f n ~ 2 — f n — span{e n } and f n-1 = 0. Hence c(f) = n — 1 and f is 
filiform nilpotent. This algebra is called the standard graded filiform nilpotent Lie algebra of 
dimension n. 

Definition 2.2. A Lie algebra of dimension n > 1 is called /c-step solvable if 0^ = 0, but 
(fc-i) ^ o for 

some k > 1. In this case we call k the solvability class of 0, and denote it by 
d(o). It is also called the derived length of 0. 

For example, the filiform nilpotent Lie algebra f from above satisfies d(f) = 2, since 

f (1) = fa ^ 0, 

f (2) = [f (1) ,f (1) ] = [f3,f 3 ]=0. 

Definition 2.3. Let k > 1 be a positive integer. Denote by a(k) the minimal dimension of a 
nilpotent Lie algebra over a field K of characteristic zero with derived length d(o) = k. Denote 
by f3(k) the minimal dimension of a solvable Lie algebra over a field K of characteristic zero 
with derived length d(g) = k. 

Remark 2.4. One can also define a(k) and (3(k) by allowing an arbitrary field K. Note that 
this makes a difference. In fact, in prime characteristic sometimes exist new Lie algebras of 
smaller dimension with derived length k, which have no counterpart in characteristic zero. An 
example is discussed in remark [331 
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Definition 2.5. An algebra (A, ■) over a field K with bilinear product (x, y) > x ■ y is called 
a left-symmetric algebra, if the product is left-symmetric, i.e., if the identity 

x • (y • z) — (x • y) ■ z — y • (x ■ z) — (y • x) ■ z 

is satisfied for all x,y,z G A. 

A left-symmetric algebra is sometimes called pre-Lie algebra. In fact, the commutator 
[x,y] := x ■ y — y ■ x defines a Lie bracket. An associative algebra is a special case of a 
left-symmetric algebra. 

Definition 2.6. An affine structure on a Lie algebra q over K is a left-symmetric product 
x — > satisfying [x, y) — x ■ y — y ■ x for all x, y G Q. 

Affine structures on Lie algebras and left-symmetric algebras have been studied intensively. 
For a survey see [6]. We recall the following result. 

Proposition 2.7. Let q be a finite- dimensional Lie algebra over a field K of characteristic 
zero. Assume that g admits a non-singular derivation. Then q is nilpotent and admits an 
affine structure. 

3. Derived length of nilpotent Lie algebras 

What can we say about a(k), the minimal dimension of a nilpotent Lie algebra over a field 
K of characteristic zero with derived length k ? In general it is impossible to determine this 
dimension explicitly. However, we have lower and upper bounds for a(k). These bounds, and 
here in particular the lower bounds, have been discussed in the literature by various authors. 
Our main reference is the paper of Bokut [3] , which cites previous work by Hall, Dixmier and 
Patterson [20] • See also [I] for more results on 2-generated Lie algebras. 
It is not difficult for us to provide an upper bound of the form a(k) < 2 k — 1 for all k > 2. 

Proposition 3.1. For any k > 2 there is a N- graded filiform nilpotent Lie algebra f, defined 
over Q of dimension 2 k — 1 with d(f) = k. This Lie algebra admits an non-singular derivation 
and hence an affine structure. 

Proof. In [7] we have constructed such Lie algebras, even with an adapted basis, i.e., with a 
basis (ei,...,e n ) such that [ei,ej] = e J+ i for all 2 < j < n — 1. Let n > 3. The filiform 
nilpotent Lie algebra f± n of dimension n by is given as follows: 

[e 1 ,e j ] = e j+h 2 < j < n - 1, 

r 6(? — i) 

eA = . . . . „. Bi+j, 2 < i < ?: i + 7 < n. 

3 j{j-l)( 3 V-2) ~ 

Note that the Jacobi identity holds, see 0. Hence f ^ n is a Lie algebra. It is generated by 
e\ and e<i. For n > 7 these generators satisfy, among the relations given above, [ei,e2] = e^, 



[^2, = es and [e2, eg] = j^e-j. We write f& = spanje*;, . . . , e n } as before. For n = 2 k — 1 this 
Lie algebra has derived length equal to k, since we have 

fl W> = g, « = f 3 , s ( 2 ) = f 7 , . . . , ( fc -D = f 2fc _ 1 = spanfe^}, fl W = 0. 

The Lie algebras f n are, of course, graded by positive integers. In the given adapted basis, 
D = diag(l, 2, . . . , n) is an invertible derivation. Hence there exists an affine structure by 
proposition 12.71 □ 
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Example 3.2. For k = A, the Lie algebra f± 15 has the following Lie brackets. We have 
[ei,ej] = ej+i for 2 < j < 14, and 



[ e 2, 63] = 


e 5, 


[ e 3, e 5] — 


1 p 

i0 e 8, 


fp p 1 - 

|e 4 , e 9 j — 


1 p 

132 C13 ' 


[e2, = 




[^3; £&\ — 


3 p„ 
35 e9 ' 


[e 4 , eio] = 


- 1 p-,„ 

- i 65 ei4, 


[^2 > e 5] = 


9 p„ 

10 C? ' 


[ e 3, e 7 ] — 


14 e 10, 


[e 4 , en] = 


- 7 P,r 

1430 C15 


[62 > e 6] — 


4 p„ 

5 e 8 , 


[ e 3, e 8 ] — 


84611, 


[ e 5, e 6] 


1 ft, 
420 C11 ' 


[e2,e 7 ] = 


7 e 9) 


e 9 ] = 


1 _ 

20 e 12, 


[65, e 7 J = 


1 _ 

isoeis, 


[e 2 ,e 8 ] = 


9 p 

14 ei 0' 


eio] = 


: T65 ei3 ' 


[e 5 , e 8 ] = 


1540 ei3 ' 


[e 2 ,e 9 ] = 


12 e H) 


[e 3 ,en] = 




[e 5 , e 9 ] = 


66o e i4, 


[e 2 ,ei ] = 


= ^ei 2 , 


[e 3 , e i2 ] = 


~~ 286 ei5 ' 


[es, eio] = 


= 858 ei5 ' 


[e 2 ,en] = 


- 27 p 


[e 4 , e 5 ] = 




[e 6 , e 7 ] = 


23io e 13; 


[e 2 ,ei 2 ] = 


- 5 p 


[e 4 , e 6 ] = 




[e 6 , e 8 ] = 


2310 ei4 ' 


[e 2 ,ei 3 ] = 


- 11 p 

26 C15 ' 


[e 4 , e 7 ] = 


1 p 


[e 6 , e 9 ] = 


2860 ei5 ' 


[e 3 , e 4 ] = 


To e7 ' 


[e 4 , e 8 ] = 


lU5 e 12' 


[e 7 , e 8 ] = 


12012 ei5 



Remark 3.3. The estimate a(k) < 2 k — 1 also follows from the results in [19]. However, it is 

more convenient for us to use the Lie algebras f _9_ _ . 

' 10 >" 

Concerning lower bounds there is the following result of Bokut, see [3]. 

Proposition 3.4. Let g be a nilpotent Lie algebra over afield of characteristic zero with derived 
length k > 4. Then 

dim(g) > 2 k ^ + 2k - 3. 

Remark 3.5. In [3] it is shown that the estimate is also true for nilpotent Lie algebras over a 
field of prime characteristic p with p > 5. For p = 2 Bokut gives a counterexample, with k = 4. 
In fact, the following brackets define a nilpotent Lie algebra of dimension 12 with nilpotency 
class 10 and derived length k = 4 over a field of characteristic 2. 



[ei,e 2 ] = 


e 4 , 


[e 3 ,e 4 ] 


= e 6 , 


[e 4 , e 9 ] = 


en, 


[ei,e 3 ] = 


e 5 , 


[e3,e 7 ] 


= e 8 , 


[e 5 ,e 6 ] = 


e 8 , 


[ei,e 6 ] = 


e 7 , 


[e 3 ,e 9 ] 


= eio, 


[e 5 ,e 7 ] = 


e 9 , 


[ei,e 8 ] = 


e 9 , 


[e 3 ,en 


= e i2 , 


[e 5 ,e 8 ] = 


eio, 


[ei,ei ] = 


= en, 


[e 4 , e 5 ] 


= e 7 , 


[e 5 ,e 9 ] = 


en, 


[e2, e 5 ] = 


ee, 


[e4, e 6 ] 


= e 8 , 


[e5,ei ] = 


= e i2 


[e2, e 7 ] = 


e 8 , 


[e 4 , e 7 ] 


= e 9 , 


[ee, e 9 ] = 


ei2, 


[e 2 , e 9 ] = 


eio, 


[e 4 , e 8 ] 


= eio, 


[e 7 , e 8 ] = 


ei2- 



Bokut's result does not apply for k < 3. But in this case we have sharp results for a(k), 
since we have a classification of nilpotent Lie algebras in low dimensions. 
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Proposition 3.6. Every nilpotent Lie algebra of dimension n < 8 has derived length k < 3. 
We have o(l) = 1, a(2) = 3 and a(3) = 6. 

Proof. Let g be a nilpotent Lie algebra of dimension n < 8. Then its nilpotency class satisfies 
c (fl) < 7, so that g 7 = 0, and g® C g 7 = 0. Hence g is at most of solvability class k < 3. We 
can compute a(k) easily. The case k = 1 is trivial. We assume that dim(g) > 1 for a nilpotent 
Lie algebra. For k = 2 the classification shows that the standard graded filiform Lie algebra 
of dimension 3, which is the Heisenberg Lie algebra, is the Lie algebra of minimal dimension 
with derived length k = 2. In dimension two, every nilpotent Lie algebra is abelian, over any 
field K. Again from the classification we see that all nilpotent Lie algebras of dimension 5 have 
derived length k < 2. On the other hand, there are filiform nilpotent Lie algebras of dimension 
6 with derived length k = 3. Here is an example, defined over Q: 

[ei, ei] = e i+ i, 2 < i < 5; [e 2 , e 5 ] = e 6 , 
[e 3 ,e 4 ] = -e 6 . 

This means a(3) = 6. □ 

It is very natural to consider next the case k = 4. By proposition 13.11 and 13.41 we have 
13 < a (4) < 15. Surprisingly, nothing more seems to be known so far. The filiform Lie algebra 
f± 15 of dimension 15 has derived length 4. Can we do better ? For derived length k < 3 there 
was no better choice than a filiform nilpotent Lie algebra. It turns out that the Lie algebra 
f_9_ 15 is optimal among filiform Lie algebras. In other words, the minimal dimension of a filiform 
nilpotent Lie algebra in characteristic zero with derived length k = 4 is equal to 15. 

Proposition 3.7. Let f be a filiform nilpotent Lie algebra of dimension n < 14 over a field K 
of characteristic zero. Then d(f) < 3. 

Proof. It is well known that for any filiform Lie algebra f there exists a so called adapted basis 
(ex, ... , e n ) such that 

[e 1( ei] = e i+ i, i = 2,...,n-l 
[e h ej] G f i+j , i,j >2,i+j <n 
[e i+1 , e n _J = (-l) l ae n , 1 < i < n - 1 

with a certain scalar a, which is automatically zero if n is odd, and = spanje^, . . . ,e n }. 
Here the undefined brackets are zero, and we set e^ = for k > n. For n < 13 it follows that 
= f 3 , and C f 7 is abelian. Hence = 0. For n = 14 we have to do more. Then we 
write the Lie brackets with respect to the adapted basis with parameters a^, where (k, s) is 
contained in the index set 

{(k, s) e N x N | 2 < k < [n/2], 2k + 1 < s < n} U {([n/2], n)}. 

These parameters ak tS have to satisfy certain polynomial equations imposed by the Jacobi 
identity. Furthermore all brackets [e^, e_j] are completely determined by the brackets [ei,e»] = 
e i+ i for 2 < i < n — 1 and 

n 

[e fe , e fe+ i] = 2j ®k, s e s , 2 < k < [n/2]. 

s=2fc+l 

In particular we have [e7,e 8 ] = 0:7,14615 and [e^e,] = for all i + j > 16. If a 7; i 4 = 0, then 
j( 3 ) = [f( 2 ) ; f( 2 )] = [f 7 ,f 7 ] = just as before. Hence we may assume that a 7i i 4 7^ 0. Now the 
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Jacobi identity applied to the basis vectors {e^e^.e^}, {e2,e6,e7}, {e2, 63,64}, {e2,e3,e 8 } and 
{e 3 ,e 4 ,e 5 } implies the following equations in the parameters (21,22,23) = (0:4,9, a 3> 7, 0^2,5): 

= 21(22 + 22 3 ), 

= 32i(2 2 + 22 3 - 2l2i) + 2(32 2 - 2 3 )(2 2 - 2 3 ), 
= 2i(52i + 32 2 ). 

The only solution in characteristic zero is (21,22,23) = (0,0,0). This means f( 2 ) C f 8 and 
f (3) = [f 8 ,f 8 ] = 0. □ 

In view of this result we have to look for nilpotent Lie algebras g of derived length k = 4, 
which are not filiform. So let us assume that g( 4 > = and g^ ^ 0. It seems very useful to 
follow the ideas in [3J. There we start with the equation 

dim(g) = dim (g/g«) + dim (g (1) /g (2) ) + dim (g (2) /g (3) ) + dim (g( 3 >) . 

Then the terms on the right-hand side are estimated under various assumptions. If we assume 
that our Lie algebra is generated by 2 elements, then it follows from |3J that 

d x = dim (g/g«) > 2, d 2 = dim (fl«/fl (2) ) > 4, 
d 3 = dim (g (2) /fl (3) ) > 6, d A = dim (g (3) ) > 1. 

To construct such a Lie algebra of minimal dimension, one should minimize these dimensions. 
I was not able to find a nilpotent Lie algebra with 2 generators and (d x , d 2 , d 3 , d*) = (2, 4, 6, 1). 
However, the calculations showed that there is indeed a rational nilpotent Lie algebra with two 
generators and (di, d 2) d 3l dt) = (2,5,6,1). It has dimension 14. 

Proposition 3.8. There exists a rational, nilpotent Lie algebra g of dimension 14 and derived 
length k = 4. It has nilpotency class c(g) = 11 and is graded by positive integers. 

Proof. The idea is to search for a rational, nilpotent Lie algebra g with two generators e\ and 
e 2 of dimension 14 satisfying (dx, d 2 , d 3 , di) = (2,5,6,1) and c(g) < 12. See [15] for the group 
case. After some computation we found the following Lie algebra: 



[ei,e 2 ] 


= e 3 , 


[e2,e 7 ] = 


2e 8 , 


[e 3 , e i2 ] = 


= -eu, 


[ei,e 3 ] 


= e 4 , 


[e 2 ,e 8 ] = 


2e 9 , 


[e 4 , e 5 ] = 


-3ei , 


[ei,e 4 ] 


= e 5 , 


[e2,ei ] = 


= en, 


[e4, e 6 ] = 


-3en, 


[ei,e 5 ] 


= e 7 , 


[e 2 ,ei 3 ] = 


= e M , 


[e 4 , e i0 ] = 


z ei 3 , 


[ei,e 6 ] 


= e 8 , 


[e 3 ,e 4 ] = 


-e 6 , 


[e4, en] = 


= e i4 , 


[ei,e 8 ] 


= eio, 


[es,e 5 ] = 


-e 8 , 


[e5, e 6 ] = 


-3ei2, 


[ei,e 9 ] 


= en, 


[e 3 ,e 6 ] = 


-2e 9 , 


[e 5 , e 8 ] = 


-ei3, 


[ei,e u 


= ei2, 


[e 3 ,e 7 ] = 


2ei , 


[e 5 , eg] = 


-ei4, 


[ei,ei2 


= ei 3 , 


[e 3 ,e 8 ] = 


en, 


[e 6 , e 7 ] = 


2e i3 , 


[e2,e 5 ] 


= e 6 , 


[e3,eio] = 


= ei2, 


[ee, e 8 ] = 


eu- 
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This Lie algebra has integer coefficients and satisfies d(g) = 4 and c(g) = 11. More precisely 
we have 

(dim( «),...,dim( ( 3 ))) = (12,7,1), 

(dimtfj 1 ), . . . , dim( 10 )) = (12, 11, 10, 9, 7, 6, 4, 3, 2, 1). 

The Lie algebra is graded by positive integers, i.e., has invertible derivations. Examples are 
given by 

D = diag(a, /?, a + /3, 2a + /3, 3a + 0, 3a + 2/3, 4a + 0, 4a + 2/3, 
4a + 3/3, 5a + 2/3, 5a + 3/3, 6a + 3/3, 7a + 3/3, 7a + 4/3) 
for suitable a, /3 6 Q. □ 

Remark 3.9. The results in [3] seem to indicate that there is no rational nilpotent Lie algebra 
of dimension 13 with derived length k = 4. Hence we should have a (4) = 14. On the other 
hand, this is far from obvious. 

We note an interesting consequence for the degeneration theory of algebras, which seems not 
to be in the literature. For background on degenerations see [9]. 

Proposition 3.10. In the variety A/i4(C) of complex, nilpotent Lie algebras of dimension 14 
there exists a nilpotent Lie algebra of nilpotency class 11 which is not a degeneration of any 
filiform nilpotent Lie algebra of dimension 14. 

Proof. Denote by 1) the nilpotent Lie algebra of proposition 13.81 over the complex numbers. We 
have d(i)) = 4 and dim(f)) = 14. Assume that there is a degeneration g — 7- deg f) with g filiform 
nilpotent of dimension 14. Then d(g) > d(f)), see for example [5], Lemma 1. By proposition 
13.71 we have d(g) < 3. This is a contradiction. □ 

4. Derived length of finite p-groups 

Historically, the question about the derived length is much older for nilpotent groups than 
for nilpotent Lie algebras. Indeed, a classical question about finite groups of prime power order, 
so called p-groups, is the following, see [12] . 

Question 4.1 (Burnside 1913). What is the smallest order of a group with prime power order 
and derived length k ? 

This order is denoted by pPp( k \ For 1 < k < 3 the answer is well known. A non-abelian 
p-group has order at least p 3 , so that j3 p (l) = 2 for all primes p. For p > 5 we have (3 P (2) = 6, 
whereas ^2(2) = ^3(2) = 7, see [2]. In general, there are only lower and upper bounds for k > 4. 
In [18] we find interesting results and references on the problem, including the following lower 
bound for (3 p (k): 

Proposition 4.2. For k > 4 and all primes p we have 

P (k) > 2 k ~ x + 2k-A. 

The result is very similar to the result in proposition 13.41 There is a strong link between the 
results for p-groups and graded Lie rings over F p . But one must also be cautious however, as 
the derived series of the graded Lie ring does not necessarily correspond to the derived series 
of the group. Furthermore, it is not clear how to pass from graded Lie rings over ¥ p to possibly 
non-graded Lie algebras over a field of characteristic zero. 
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For k = 4 the above bound is not sharp and more is known. We have /3 P (4) = 14 for all primes 
p > 3, and for p = 2 we have /5 2 (4) = 13, see [TJj. The prime p = 2 always causes some 
problems. The proofs use indeed often results on graded Lie rings of p-power order. Denote 
the smallest order of a graded Lie ring with p-power order and derived length k by p a p( k \ To 
show that /3 p (4) = 14 for all p > 5 it was first shown that a p (4) > 14 for all primes p > 5, see 

5. Derived length and dimension of solvable Lie algebras 

What can we say about (3(k), the minimal dimension of a solvable Lie algebra over a field K 
of characteristic zero with derived length k ? Clearly we have (3(k) < a(k). Moreover, if g is a 
solvable Lie algebra of dimension n over a field of characteristic zero, then g^ is nilpotent of 
dimension at most n — 1. Hence we obtain also bounds for (3(k). For detailed results see [20J. 
In particular it is known that /3(1) = 1, 0(2) = 2, /3(3) = 4 and /3(4) = 7. We want to point 
out the following fact. 

Lemma 5.1. Let n be a nilpotent Lie algebra of dimension n with d(n) = k. Suppose that n 
admits a non-singular derivation D. Then g = n» (D) is a solvable Lie algebra of dimension 
n + 1 with d(g) = k + 1. 

Proof. The Lie bracket of g is given by 

[{x, rD), {y, sD)] = {[x, y] n + rD{y) - sD{x), 0) 

for r,s € K and x,y e tl. Since D is non-singular, we have n = D(n) C [g, g] C n, so that 
n = [g, g] and g^ +1 ^ = nW for all i. This finishes the proof. □ 

Unfortunately most nilpotent Lie algebras of dimension n > 7 do not admit a non-singular 
derivation. On the other hand, the Lie algebras of proposition 13.11 and 13.81 do admit such a 
derivation. Hence we obtain the following results. 

Proposition 5.2. For any k > 3 there is a solvable rational Lie algebra g of dimension 2 k ~ l 
with d(g) = k. Its nilradical is filiform nilpotent. 

Proposition 5.3. There exists a rational, solvable Lie algebra g of dimension 15 and derived 
length k = 5. 

It is interesting to note that the existence of a regular automorphism of finite order for g 
gives a strong condition on the derived length of g, see [24] : 

Proposition 5.4. Suppose that g is a Lie algebra admitting a regular automorphism of finite 
period n > 4. Then g is solvable with d(g) < 2™ -4 + |_log 2 (^ — 1)J . If n = p > 5 is a prime 
number then g is nilpotent with d(g) < 2 P_5 + |_log 2 (j» — 3) J . 

6. Nildecomposable groups 

Let G = AB be a product of two subgroups. It is called a factorization of G. The product AB 
is a subgroup if and only if AB = BA. Therefore, A and B are permutable in this factorization. 
There are many results on factorizations of groups. We refer to [18] and the references cited 
within. The Wielandt-Kegel theorem states that if G is finite, and A and B are nilpotent 
subgroups, then G is solvable. Such solvable groups are called nildecomposable, or dinilpotent. 
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However, it is not known if the derived length of G can be bounded by c(A) and c(B). The 
first conjecture in this case was that 

d(G) < c{A) + c{B). 

Indeed, if A and B have coprime orders, then this is proved, see [18J. Also, if both A and B are 
abelian, then d(G) < 2 by Ito's result. This even holds for infinite groups. In general however, 
the conjecture is not true. It was disproved first in [T3]. Here several counter examples are 
given, for groups G = AB with (d(G), c(A), c(B)) = (4, 1, 2), (5, 2, 2), (6, 2, 3). There is even a 
nilpotent group G of derived length 4 which is the product of an abelian group and a 2-step 
solvable group. On the other hand, one might still be able to bound d(G) by a linear function 
in c(A) and c(B). 

It seems perhaps more natural, to bound d(G) by a function depending on d(A) and d(B). A 
first result here is due to L. Kazarin, see the reference in [14] : 

Proposition 6.1. Let G = AB the product of two subgroups of coprime orders and assume 
that G is solvable. Then 

d(G) < 2d(A)d(B) + d(A) + d(B). 

In some special cases better results are known. In [13] we find: 

Proposition 6.2. Suppose that G = AB is a finite group with A abelian and B nilpotent and 
2-step solvable. Then G is solvable with d(G) < 4. 

7. NlLDECOMPOSABLE LlE ALGEBRAS 

For nildecomposable Lie algebras over a field of characteristic zero there are similar questions 
as for finite groups, see [T] for results and references. In particular it is not known, whether or 
not there is a counterexample to the following estimate for finite-dimensional nildecomposable 
Lie algebras g = a + b over a field of charactersitic zero, 

(1) d(fl)<c(o) + c(b). 

In pQ there is a counterexample given for infinite-dimensional Lie algebras. The proof is 
inspired by the counterexamples for groups in [13] . If one of the subalgebras, say b, is an 
ideal, then the estimate (CQ) is correct. Indeed, then g is an extension of b by g/b, so that 
d(g) < d(g/b) + d(b). Since g/b = (a + b)/b ~ a/ (a fl b) we obtain 

d(g) <d(a) + d(b) <c(o) + c(b). 

If a and b are abelian, Ito's argument can also be applied to Lie algebras. The result is again, 
that g is at most 2-step solvable. This is well known, see for example [22J and the references 
given therein. The next easiest case should be that a is abelian and b is of nilpotency class 2. 
There is indeed a result here, obtained in [23J . 

Proposition 7.1. Let g = a + b be a Lie algebra over an arbitrary field of characteristic 
different from 2 which is the sum of an abelian subalgebra a and a subalgebra b of nilpotency 
class 2. Then d(g) < 10. 

It appears to me that this bound is not yet optimal. Even in this case there is no coun- 
terexample known to ([T|), i.e., to d(g) < c(a) + c(b) = 3. Perhaps this is already the correct 
answer. 
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